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Abstract— This paper addresses the problem of demod-
ulating a digital communications signal in the presence of
unknown channel complex gain. We derive the Cramer-Rao
lower bound for tracking the channel gain in the presence of
additive white Gaussian noise. This bound establishes effec-
tive lower bounds for signal-to-noise ratio on the channel,
given the statistics of the channel gain variations. Several
approaches for tracking the gain are derived based on the
application of Bayes theorem, and the approximation of soft
decision symbol statistics by a Gaussian density. The per-
formance of the tracker i{s examined using simulated and
real data.

1. INTRODUCTION

The problem of recovering a transmitted digital data se-
quence in the presence of unknown complex channel gain
is fundamental in digital communications systems and is,
indeed, a basic issue in synchronising the receiver to the
transmitter. Gain and phase variations on the channel may
be due to the effects of the propagation medium, or due
to mismatches existing between the receiver and transmit-
ter. Sometimes the gain is unknown but constant, whilst
on other occasions it may be time varying, necessitating
tracking of the gain variations.

The standard approach is to utilise a combined automatic
gain control - phase-locked loop algorithm to estimate the
channel gain and phase. This approach can be shown to
arise as an approximation to the extented Kalman filter
(EKF) applied to a random walk model of the amplitude
and frequency offset processes [1]. Because the EKF is de-
rived by linearisation, its performance can degrade rapidly
in the presence of noise and decision errors. It is the objec-
tive of this work to design better tracking algorithms, and
to examine the fundamental limitation in terms of SNR
imposed on the bit-error rate (BER) performance of the
system due to channel gain variations. The paper focusses
primarily on PSK modulation, however in many cases, the
tracker can also be applied to QAM data.

The layout of the paper is as follows : firstly we derive our
signal model and thence the Cramer-Rao bound (CRB)
on tracking performance in the presence of the underlying
digital modulation. We then examine separately the issues
of amplitude and phase tracking comparing the tracking
performance to the CRB. We include both a decision di-
rected (hard decision) phase tracker and a non-decision di-
rected (Bayesian) method. Finally, we develop a Bayesian
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approach for soft decision symbol estimation and tracking.
Performance is examined using simulations and real TDMA
data.

II. SigNAL MODEL AND CRB
Let

Wil =W F UL, P1 = G+ W,

Atg1 = At + v,

2t = |A¢|exp {i (¢¢ + Y1)} + e, Q)
where u;"iid N (0, 02), v;"iid N(0, 02) and n;"iid N(0, 02).
The signal may also not be present at some times (ie A;
could be zero on some intervals). The process {¢;} is iid
uniformly distributed on the discrete set {2kw/M},k =
0,...,(M = 1). The objective is to recover the sequence 1,
from the measurements zg, ..., 2. Clearly this involves
tracking ¢; to adapt the decision device. Typically the
decision device is given by

P =Q (Zte"‘;""‘) ) (2

where Q is a quantisation based on the nearest neighbour
in the above discrete set and ¢;;; is a one step prediction

for the ¢, process. The frequency tracker then uses 1/;t in
the above model to update its estimates. This is known as
(hard) decision direction.
In eqn (1), let z; = [ws, b, 4e)’, ne,y and ne 2 be the real
and imaginary parts of n;, we can show that
0
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Let B, and b; be the Cramer-Rao bound for [w:, ¢:] and
A; respectively. Using the result in [2], we have

0
0logP (ztlzt) = _ ,At' ny,1 sin(é.+¢vg)—:n¢.: cos(gi+14)
8z 71 Co(G0 4 )+ sin(de 60)
Iz

Let Var (A;) = 03 ;, then we have
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Thus,

Vo2 +46? -0,

3 Oy- 4)

Also, B; tends to a limit matrix too, which can be cal-
culated by the recursive formula (3), or by solution of the
corresponding algebraic Riccati equation.

To obtain the formula for CRB, we only need to assume
that A¢,n:, ¢¢ and ¢ are independent and that n; is com-
plex Gaussian N (0,0%) . It is clear that the distributions of
¢+ and 1, may effect on the problem, they do not appear in
the CRB. This is because that the CRB is less than or equal
to the minimum of MSE over all possible distributions of
¢: and ;. However, we really use the information about
the distributions of ¢; and +; in our tracking algorithms to
get closer results to the CRB.

A direct application of CRB is to assess the lower bound
on SNR for which the decision device (2) functions effec-
tively. Here we assume that A; takes a constant value 4,

and SNR = 10 x logy, (%’,—) . According to [3] (we will
investigate this result in Section 3), we have

bt-")b=

arg (zte"";““‘) =+ — (13:|t—1 + &¢. )]

Using the CRB, with H = [0,1]
- 2
E (¢~ duemr) 2 HTBT'H =7,

then the variance of the error term in (5) is lower bounded
by ¢* + ¢%/A? in variance. The following table gives the

value of 3 /c2 + 02/A%:

SNR: -5 0 5 106 15 20
o2 =10"* 402 231 133 078 046 0.28
02=10"% 390 222 1.27 073 042 0.25
02=10"% 385 2.18 124 0.70 0.40 0.23

Even if we choose M = 2, the distance we need to distin-
guish the two signals is w/2 = 1.57. Thus, to get error
rate less than 1%, no matter what filtering method we use,
the decision device (2) may only work for SNR>5. The
simulation results in (11) have confirmed this conclusion.

III. TRACKING FOR A4;

In this section, we derive an approximate Bayesian filter
for tracking of the amplitude. Using polar co-ordinates, we
have
= pyei™, (6)

Then, the density for the signal magnitude p; is given by

the Rician density [4]
PE+ALY, (Pehe
202 °\ 207 )’

2 = | Al expi (¢ +¥:) + 1y

plpelAe) = ;% exp (— ™

where Ip(z) = Y jog & W is the modified Bessel function
of the first kind of zero order. Let Lo{(z) = log Iy(z), then

(7) can be written

—20%Lg (22%‘;—) + A?

202

(8)

Plpe|Ac) x exp | —

‘We now apply the Gaussian approximation idea from (2]
to obtain the approximation (by linearisation about current

predicted amplitude Agp—;)

[t ()]

202 !

(9)

P(pe|As) = = exp

where lo(z) = L§ (z) = Li(z)/Io(z).
Then, using the Gaussian product lemma in [2] and
Baysian formula, we derive the filter for tracking A, :

- (st_l + 03) a2 5 Vot +40? -0,

g% + 841 + o} 2

R R s Age -
Ap = A1 + a_; [Ptlo (pt 2;‘; 1) - At-—l] .

Simulation results: Let o> = 1, the following ta-
ble gives the sample Mean Squares Error which is
taken by 100 repetitions and calculated by MSE =

100 2000
1 00 Z i=11 000

Oy, a8t =00,

o (J4] - Ja])

¢ .00001 .0001 .001 .01 1 1
CRB 0.0032 0.010 0.031 0.095 0.270 0.618
MSE 0.0038 0.013 0.047 0.113 0.284 0.628

IV. FILTERING FOR PHASE

In this section we consider A; in (1) as a positive constant
A. Let a; = arg(z;),using model (1) with A;4; = A can
be approximated by

Wepl = W+ U, Pryr = P +w,

ap + 2k = ¢y + Y + e (10)

This is a linear model, the only problem is that we do not
know the integer k;. Let 6; = ¢y:—) ~ o, a simple method
is to estimate k; based on previous estimate :

O + s + (¢t - ‘f;t!t-l) tE 5+
£ 2T = o

Let [z] be the integer most close to z. When %f¥t s
close to an integer, there is a large chance that k: =

[i‘-'i‘:‘ii], especially if SNR is high. We choose ¢ in

2
{3£,k=0,1..,M - 1} to make %%t closest to an in-
teger.
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Thus, the standard Kalman filter gives us the following using the second order Taylor expansion for cos (¢: + 2kn/M — o

_fro0 11 o2 0
T T T 2
1 00 ~ _(¢,+2j7r/M—at—2kt,j1r)
St+1 = Spyape — _2’——3(2—’2)'St+1]t [ 0 1 ] Stt1jts Ce ?::0 xp { 207 - (19)
@ t+1ft
Ry = [ 10 ] X+ Eki"r_—f‘_—'ﬂst +1 [ ? ] . This leads to a Gaussian mixture (Gaussian sum) model.
11 o Substituting (13) into the Baysian formula
Simulation results: - For (1) with Aiq = A, {¢} be-
ing zero and an iid uniform binary sequence respectively, p(ze|Ze-1) = / p(ztlze-1) p(zt-11Z2~1) dt-1,
we tested the above method for 100 repetitions with each
sample size 2000, here and after the MSE for phase tracking (| Zs) = P (z|zt) p (2¢)Z¢-1)

is measured moduli 2r : I p(zlae) p(24]2¢-1) dze’

and using the Gaussian product lemma in [2], theoretically
we can calculate the posterior pdf p (z¢|Z;) . However, the
number of Gaussian components in it will increases expo-
nentially and practically it does not work. A tractable
approach is the following Maximum Entropy method (2].

_ Assume that we have pdf p(z:~1|Z:-1) = G (Tt—1; Tt~1, St~1)
Yy=0 MSE 0.114 0.041 0014 0.0047 0.0019 here and after G denotes a Gaussian pdf. Since

Binary MSE 3.034 1.593 0.057 0.0050 0.0020 for pdfs sharing the same first and second mo-

When {4} is an iid uniform binary sequence, the per- ments, the Gaussian pdf has the maximal entropy,
centage BERs are listed in the following table : we only need to use the mean and variance of
p(2i|ze) p (2| Ze—1) / [ p (2e|2e) p(2¢]Z¢-1) dz to conmstruct
a Gaussian pdf for p(z:|Z;). Let

o2 SNR: -5 0 5 10 15
10"® C~-R 0.108 0.045 0.019 0.0077 0.0032
Y =0 MSE 0360 0.073 0.023 0.0081 0.0032
Binary MSE 3.114 2.588 0.309 0.0085 0.0032
10-¢ C-R 0.062 0.026 0.011 0.0045 0.0019

GI\SNR: -1 0 1 2 3 4
10-% 4161 3343 21.80 1093 3.80 3.36 ; .
10-®  17.26 1492 8.13 581 3.36 1.33 By = [1,1] X Ze_1, kt,,:["’““‘“”/M —0‘*],

o2\SNR: 5 6 7 8 9 10 2m
10° 163 025 007 003 0002 0
10-® 060 012 007 002 0003 0

atj = ap + 2k ; — jn /M, dij=a;~ ¢3¢|t~1,
1

K = =——————=8,u 1 H',
(11) b= s Sy & R AT
A. Use of filtered phase estimates
In the decision device (2), one-step predictions of the R
phase process is used in order to gain a causal structure, G (¢t|t-1;at,j,tff + HSy H ')
since the filtered estimates depend on the symbol at that Wi = 3ol 72 ,
time. An alternative approach is based on the use of filtered Li=o G (¢‘lt"1 015,07 + HSys1 H ')
estimates ¢ dirgc.tly, ie one which doeg not depend on ;. S; = Syje-1 — KeHSyp-1. (14)
Thern a new decision device can be derived as
be=Q (Zt e“‘}") ) 12) Then the maximal entropy pdf [2] is:
To use this decision device, we need to estimate ¢; with- 2V =G 5. S
out knowledge of ;. By marginalising over the data sym- P(2t|Z¢) = G (a1, 20, 51
bols assuming uniform a priori probabilities we have that o M-l
e = Zg)e-1 + K Z wy,de 5,
P (2] As, b2) =0
M~1 . 2
1 P — 2p1 A co8 (@ + 2§70 /M — ;) + A? M-1 M-1
~ 2Mna? oo &P [- 202 ) Se =S5+ Z We,j Z weidey | KoK
- j=0 n=0,n#j

We use method in Section 3 to obtain {At} and let Simulation result: For (1) with A; = A and {1} being

2 2 an iid binary sequence, we tested the above method for 100
C = 1 _ (ot — As) . oF= __“_r_' repetitions with each sample size 2000. The percentage
2Mmo? 202 peAs BERSs are listed in the following table:

401




o2\SNR: -1 0 1 2 3 4
10-5 2659 17.63 814 6.86 243 137
10-¢  12.55 13.39 7.80 577 242 321

02\SNR: 5 6 7 8 9 10
1075 0.64 025 0.08 0.024 0.0035 0.0005
10~ 062 024 0.08 0.017 0.0035 0.0005

Comparing with (11), we can see the error rates reduce
significantly for low SNR.

V. A SOFT DECISION PHASE TRACKER

The above maximum entropy approximation procedure
can also be applied using a posteriori statistics of the trans-
mitted symbols rather than a priori (uniform) statisitcs.
Recall that the purpose of using the a priori statistics in
the preceeding section was to allow the calculation of of the
(more accurate) filtered phase estimates independently of
the symbol value. In this case, we still compute predictions,
but on the basis of symbol likelihoods (soft decisions). The
same formulation is used, but the soft decision likelihoods
are given by

pe(G) = Pr{ve = 24m/MIZ;, beje—1}
= ¢, exp{Ap; cos(ay ~ Peje—1 ~ 257/ M)[0?}.

where ¢; normalises the sum of the y(j) to unity. These
weighting factors are then included in the Gaussian sum
approximation above in equation (14). More details are
given in [5].

V1. RESULTS

In addition to the various simulation results listed above,
we compared a number of phase-amplitude trackers on
some real data. The data used was TDMA data with
QPSK (M=4) modulation. The acquisition problem is very
difficult in this case, not primarily because of channel vari-
ations associated with any particular user, but because of
the number of different users each having different gains
and frequency offsets. The data is also NOT differentially
coded so that phase jumps of multiples of = /2 are not per-
mitted. The following table shows the number of frames
out of a total of 100 successfully demodulated using the fol-
lowing trackers : (i) Decision direction with fixed filter, (ii)
EKF, (iil) Decision directed method of this paper (DDHW)
and (iv) soft decision method of this paper (SDHW). The
number in brackets shows the number demodulated with
BER < 0.2 but with phase jumps possibly present, whilst
the first number in each case shows the number successfully
demodulated without phase jumps. These results clearly
illustrate the performance of the method in terms of track-
ing stability.
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Slot | Fixed | DDEKF | DDHW | SDHW
T | 21(98) | 2401 | 17(97) | 23 (94)
3 | 47 (100) | 78 (95) | 87 (96) | 95 (98)
3 | 5(100) | 99 (100) | 100 (100) | 96 (97)
4 | 75 (100) | 98 (100) | 99 (100) | 97 (99)
5 | 48 (96) | 100 (100) | 99 (99) | 97 (97)
6 | 2 (100) | 100 (100) | 100 (100) | 99 (99)
7 | 10 (54) | 16 (53) | 15(55) | 15 (54)
8 | 45 (99) | 83 (97) | 88 (99) | 95 (100)

Table 1 - Performance of tracker d&oﬁthms

VII. CONCLUSION

This paper has examined a number of Bayesian ap-
proaches to amplitude-phase tracking in digital communi-
cations. We have derived Cramer-Rao bounds for tracking
in the presence of modulation and compared these bounds
to the performance of the various trackers. Both decision
directed and non decision directed techniques are consid-
ered. We have concluded that the Bayesian non-decision
directed method is superior at low SNR, but as SNR. im-
proves, all the techniques considered here approach optimal
performance.
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